When superheated steam flows along the horizontal wellbore, it may change to saturated steam at some point of the wellbore. In this paper, to accurately predict the heat radius of cyclic superheated steam stimulation with horizontal wellbore, the distribution of thermophysical properties of superheated steam along the horizontal wellbore is considered. The heating process is divided into 4 stages for superheated steam and 3 stages for saturated steam when the phase change undergoes in the wellbore. On this basis, the mathematical model for heat radius of cyclic superheated steam stimulation with horizontal wellbore was established according to energy conservation principle and Laplace transformation method. The calculation result of the new mathematical model is in good agreement with that of the numerical simulation (CMG STARS) for the same parameters from a specific heavy oil reservoir, which verified the correctness of the new mathematical model. The effect of degree of superheat and the cycle of stimulation are analyzed in detail after the new mathematical model is validated. The results show that the heat radius of superheated zone, steam zone, and hot fluid zone all decrease with horizontal well length and increase with the cycle of stimulation. The higher the degree of superheat is, the farther from the heel of the horizontal wellbore the phase change undergoes. Besides, the radius of superheated zone, steam zone, and hot fluid zone increases with the degree of superheat, but the value increases little at steam zone and hot fluid zone.
Introduction
By far, steam injection is the most extensively adopted enhanced oil recovery process in heavy oil resources development because the viscosity of heavy oil reduces rapidly with temperature and therefore the flowing ability of heavy oil is significantly improved [1] [2] [3] . Compared with vertical well, horizontal well has the characteristic of larger contact area with the formation, greater steam injection capacity, and higher productivity [4] [5] [6] [7] [8] [9] . Superheated steam, obtained by continually heating the saturated steam above its saturation temperature, is a new technology for the recovery of heavy oil reservoirs for the reason that superheated steam has higher temperature and larger enthalpy [10] [11] [12] [13] [14] . Cyclic superheated steam stimulation with horizontal wellbore can fully exert the advantages of horizontal well and superheated steam, and therefore it is an important method for developing heavy oil reservoirs, especially thin reservoirs.
The calculation of heat radius during cyclic steam stimulation is the base for evaluation of productivity and forecast of dynamic performance. Marx-Langenheim [15] and Willman [16] have done pioneering work in establishing mathematical models to calculate the heat radius of cyclic steam stimulation with vertical well according to energy conservation principle. On this basis, Li Chunlan [17, 18] and Zhou Tiyao [19] established mathematical models for heat radius with the consideration of the nonisothermal distribution of the formation temperature in the heating area. Van Lookeren analyzed the effect of steam override and built a model for steam zone front. Lai Lingbin [20, 21] established steam injection model based on Van Lookeren's steam override theory. The heat radius of steam stimulation with horizontal wellbore is different from that with vertical well. Ni Xuefeng [22] and Liu Chunze [23] derived calculating models of heat radius along horizontal wellbore according to the fact that horizontal wellbores are different from vertical wellbore in terms of heating process and mechanism.
The authors and their team have done some research on the mathematical model of steam soaking heat radius and productivity prediction for heavy oil reservoirs [24] , the effect 2 Mathematical Problems in Engineering of steam override [25] , mechanism of heavy oil recovery by cyclic superheated steam stimulation [26] , factors affecting the performance of cyclic superheated steam stimulation [27, 28] , the mathematical model of the heat radius for the superheated steam stimulation with vertical well [29] , and the mathematical model to calculate thermophysical parameters of horizontal wellbore in the superheated steam injection [30] . Based on previous research, the authors begin to predict the heat radius of cyclic superheated steam stimulation with horizontal wellbore that is applied in K oilfield, Kazakhstan. The heat radius of superheated steam stimulation with horizontal wellbore is different from that with vertical well. The difference is mainly manifested in two aspects. Firstly, when the superheated steam flows along the horizontal wellbore, the mass flow rate, temperature, and steam quality change over the horizontal well length. Secondly, as superheated steam flows along the horizontal wellbore, it may change to saturated steam at some point of the wellbore.
The main purpose of this paper is to establish a mathematical model for heat radius of cyclic superheated steam stimulation with horizontal wellbore. In this work, in order to achieve that goal, the distribution of thermophysical properties of superheated steam along the horizontal wellbore is considered. The heating process is divided into 4 stages for superheated steam and 3 stages for saturated steam when phase change undergoes in the wellbore. On this basis, the mathematical model for heat radius of cyclic superheated steam stimulation with horizontal wellbore was established according to energy conservation principle and Laplace transformation method. Finally, after the new proposed mathematical model is validated by comparison with the results of numerical simulation (CMG STARS) for the same parameters from a specific heavy oil reservoir, the effect of degree of superheat and the cycle of stimulation are analyzed in detail.
Mathematical Model

Basic Assumptions of the Mathematical Model.
The mathematical model is subject to the following basic assumptions:
(1) The horizontal wellbore is located in the center of the formation and the steam override effect is ignored due to thin formation thickness.
(2) When the superheated steam flows along the wellbore, it may undergo phase change. The superheated steam may change to saturated steam at some point of the wellbore as Figure 1 shows.
(3) Before phase change occurs, the heating process is divided into four stages and three zones are formed in the heating area: superheated zone, steam zone, and hot fluid zone. After phase change occurs, the heating process is divided into three stages and two zones remain in the heating area: steam zone and hot fluid zone (as shown in Figure 2 ). steam zone equals the saturated steam temperature. The temperature of hot fluid zone equals the arithmetic mean value of saturated steam temperature and initial reservoir temperature (as shown in Figure 3 ).
(5) The formation temperature is assumed to be the initial reservoir temperature at each cycle of steam injection, and the remainder heat is added to the next cycle of steam injection.
The Derivation of the Mathematical Model.
When the superheated steam flows along the horizontal wellbore, its mass flow rate, temperature, and steam quality change over the horizontal well length. Consequently, the heat radius changes along the horizontal wellbore. In order to accurately calculate the heat radius of horizontal wellbore, the distribution of those thermophysical parameters along the horizontal wellbore first need to be determined. Zifei Fan et al. [30] proposed a widely used mathematical model to calculate thermophysical parameters of horizontal wellbore in the superheated steam injection. Based on Zifei Fan's model, the mathematical model for heat radius of cyclic superheated steam stimulation with horizontal well is derived. It is assumed that the -th segment of horizontal wellbore, which is taken as calculation example, has not yet undergone phase change. As the derivation process of the saturated steam is similar to the superheated steam after phase change occurs, this article only derives the heat radius of superheated steam.
Stage 1.
At stage 1, all injected heat is used to heat the reservoir because the frontier of hot fluid zone has no yet reached the boundary (as shown in Figure 2 (a)). Non-heat losses to the boundary at this stage. Therefore, based on the energy conservation principle for superheated zone, we have
where sh is the superheated steam zone heat injection rate at the -th segment, sh = (ℎ sh − ℎ s ) + rsh , is the volumetric outflow rate at the -th segment, is the steam density at the -th segment, rsh is the previous cycle remainder heat of superheated zone at the -th segment, ℎ sh and ℎ s are the specific enthalpy of superheated steam and the specific enthalpy of saturated steam at the -th segment, respectively; Δ is the segment length; sh is the superheated zone temperature, sh = ( sh + s )/2, sh and s are superheated steam temperature and saturated steam, respectively. r is the initial reservoir temperature; sh is the superheated steam zone area at the -th segment; is the injection time; R is the reservoir heat capacity.
For supposes that the steam override effect is ignored due to thin formation thickness, the heat area is round shape. Therefore, by integration of (1), the radius of superheated steam zone at the -th segment, sh , can be expressed as
Similarly, the radius of steam zone and hot fluid zone at the -th segment can be expressed as
where s and h are the radius of steam zone and hot fluid zone at the -th segment, respectively; s is the steam zone heat injection rate at the -th segment, s = v + rs , v is the steam latent heat at the -th segment, rs is the previous cycle remainder heat of steam zone at the -th segment; w is the hot fluid zone heat injection rate at the -th segment, w = (ℎ ws −ℎ wr )+ rw , ℎ ws and ℎ wr are the water specific enthalpy of the steam temperature and the water specific enthalpy of the reservoir temperature at the -th segment, respectively, rw is the previous cycle remainder heat of hot fluid zone at the -th segment; h is the hot fluid zone temperature, h = ( s + r )/2.
The times that the frontier of hot fluid zone reaches the boundary, the frontier of steam zone reaches the boundary, and the frontier of superheated zone reaches the boundary are defined as the first critical time, the second critical time, and the third critical time, respectively. Based on the definition and (2)∼(4), the first critical time, the second critical time, and the third critical time at the -th segment can be written as
where c1 , c2 and c3 are the first critical time at the -th segment, the second critical time at the -th segment, the third critical time at the -th segment, respectively. is the half of reservoir thickness.
Stage 2.
At stage 2, the frontier of hot fluid zone reaches the boundary but not the frontier of steam zone and superheated zone as shown in Figure 2 (a), namely, c1 ≤ < c2 . Due to non-heat loss to the boundary at the steam zone and the superheated zone, the radius of superheated zone and steam zone at the -th segment are still calculated by (2) and (3), respectively. For hot fluid zone, one part of the injected heat is used to heat the formation and other part losses to the boundary. Therefore, the heat balance of hot fluid zone can be written as [31] 
where h is the contact area of boundary and hot fluid zone at the -th segment; s is the thermal conduction coefficient of the boundary; s is thermal diffusivity of the boundary; h2 = h − h1 , and h1 is the hot fluid zone area at the -th segment as the frontier of hot fluid zone reaches the boundary, h1 = ( 2 − s 2 ), h is the hot fluid zone area at the -th segment.
The left side in (8) represents the heat injection rate, the first term of the right side in (8) represents the heat loss rate to the boundary, and the second term of the right side in (8) represents heat growth rate of hot fluid zone.
Assuming that heat transfers linearly in the formation after the frontier of hot fluid zone arrives the boundary, therefore, d h can be expressed as d h = (Δ / )d h2 . Hence, (8) can be rewritten as
where is the instant at which the boundary becomes exposed to the hot fluid.
After Laplace transformation and inverse Laplace transformation for (9), we have
where = 2 s / R √ s . On account of h2 = 2 ( h − ), from (10), the radius of hot fluid zone at the -th segment at stage 2 can be expressed as
Stage 3.
At stage 3, the frontiers of hot fluid zone and steam zone reach the boundary but not the frontier of superheated zone as shown in Figure 2 (a), namely, c2 ≤ < c3 . Due to non-heat loss to the boundary at the superheated zone, the radius of superheated zone at the -th segment is still calculated by (2). For steam zone, the heat balance can be written as
where s2 = s − 2 .
Mathematical Problems in Engineering 5
After Laplace transformation and inverse Laplace transformation for (12), we have
On account of s2 = 2 ( s − ), from (13), the radius of steam zone at the -th segment at stage 3 can be expressed as
For hot fluid zone, the heat balance can be written as
After Laplace transformation and inverse Laplace transformation for (15), we have
On account of h = 2 ( h − s ), from (16), the radius of hot fluid zone at the -th segment at stage 3 can be expressed as
Stage 4.
At stage 4, the frontier of hot fluid zone, steam zone, and superheated zone all reach the boundary as shown in Figure 2 (a), namely, > c3 . For superheated zone, the heat balance can be written as
where sh2 = sh − 2 .
After Laplace transformation and inverse Laplace transformation for (18), we have
On account of sh2 = 2 ( sh − ), from (19) , the radius of superheated zone at the -th segment at stage 4 can be expressed as
For steam zone, the heat balance can be written as
After Laplace transformation and inverse Laplace transformation for (21) , the radius of steam zone at the -th segment at stage 4 can be expressed as
The radius of hot fluid zone at the -th segment at stage 4 can be calculated by (17) .
Calculation Steps of the Model
Now, the model for heat radius of cyclic superheated steam stimulation with horizontal wellbore is set up. The main steps of calculating the heat radius are as follows:
(1) The whole horizontal wellbore is divided into segments as Figure 1 shows. (2) The distribution of thermophysical parameters (mass flow rate, temperature, and steam quality) along the horizontal wellbore is calculated by adopting the method in reference [30] Figure 4 . Figure 5 clearly shows that the heat radius (the radius of hot fluid zone) calculated by our new model coincides with the CMG STARS simulated result along the horizontal wellbore. The maximum relative error is within 8.2%, which is acceptable in engineering calculation. Figure 6 shows the comparison of heat radius between the new model and CMG STARS perpendicular to the horizontal wellbore at length of 100m. The heat radius calculated by our new model is highly in line with CMG STARS simulated result, which verifies the correctness of our new model. Figure 7 shows the effect of the degree of superheat (the temperature difference between superheated steam and its saturated steam) on the profile of heat radius. It is easily found that the heat radius of superheated zone, steam zone, and hot fluid zone all decrease with horizontal well length. This is because the heat carried by injected fluid decreases with horizontal well length when the fluid flows along the horizontal wellbore since the heat and mass transfer into the reservoir. Moreover, the radius of superheated zone decreases to 0 when the superheated steam undergoes phase change. The higher the degree of superheat, the longer the distance between the phase change point and the heel of the horizontal wellbore. For instance, when the degree of superheat equals 303K, the radius of superheated zone is about 0.65m at the heel of horizontal wellbore, and it decreases to 0 at horizontal well length of about 135m. When the degree of superheat increases from 303K to 333K and 363K, the phase change point at horizontal well length increases from 135m to 170m and 185m. In addition, the radius of superheated zone, steam zone, and hot fluid zone increases with the degree of superheat, but the value increases a little at steam zone and hot fluid zone. This is because the higher the degree of superheat, the higher the heat carried by injected fluid. Because the superheated steam can change the wettability of superheated zone and increase oil displacement efficiency and filtration ability of superheated zone, increasing the degree of superheat is an effective way to expand the superheated zone and consequently enhance oil recovery.
Results and Discussion
Influential Factors Analysis
Effect of Degree of Superheat.
Effect of the Cycle of Stimulation.
In the steam stimulation process, steam is injected into the reservoir for a period of weeks; the well is then allowed to flow back and is later pumped. After the production of well decreased to a certain value, the steam is injected again and the well enters to the next cycle of stimulation. Figure 8 depicts the effect of the cycle of stimulation on heat radius. As can be seen from Figure 8 , when the steam injection conditions (injection rate, superheated steam temperature, degree of superheat, and steam injection time) are all the same at different cycles, the radius of superheated zone, steam zone, and hot fluid zone increases with the cycle of stimulation. This is because there is remainder heat in the formation at the end of each cycle and therefore the heat radius is increased at next cycles.
Conclusions
In this paper, a new mathematical model for heat radius of cyclic superheated steam stimulation with horizontal wells is set up. The following conclusions can be derived as follows:
(1) The proposed mathematical model can be used to calculate the heat radius of cyclic superheated steam stimulation with horizontal wells. The heat radius calculated by the new model is highly in line with CMG STARS simulated result, which verifies the correctness of the new model. The instant at which the boundary becomes exposed to the hot fluid, s.
Subscripts
: The -th segment.
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